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89. 
ON THE ATTRACTION OF ELLIPSOIDS (JACOBIS METHOD). 


[From the Cambridge and Dublin Mathematical Journal, vol. v. (1850), pp. 217—226.] 


In a letter published in 1846 in Liouville’s Journal (t. XI. p. 341) Jacobi says, 
“Il y a quatorze ans, je me suis posé le problème de chercher l'attraction d’un ellip- 
soide homogène exercée sur un point extérieur quelconque par une méthode analogue à 
celle employée par Maclaurin par rapport aux points situés dans les axes principaux. 
J'y suis parvenu par trois substitutions consécutives. La première est une transforma- 
tion de coordonnées; par la seconde le radical 4(1— m? sin? 8 cos? yr — n° sin? 8 sin? y) qui 
entre dans la double intégrale transformée est rendu rationnel au moyen de la double 
substitution 

m sin 8 cos = sin y cos 0, m sin £ sin ÿ = sin ņ sin 8; 

la troisième est encore une transformation de coordonnées. La recherche du sens 
géométrique de ces trois substitutions m’a conduit à approfondir la théorie des surfaces 
confocales par rapport auxquelles je découvris quantité de beaux théorèmes dont je 
communiquai quelques-uns des principaux à M. Steiner. Considérons l’ellipsoïde confocal 
mené par le point attiré P et le point p de l’ellipsoïde proposé, conjugué à P. 
Soient Q et g deux autres points conjugués quelconques situés respectivement sur 
lellipsoide extérieur et intérieur. Menons de P un premier cône tangent à l’ellipsoïde 
intérieur, de p un second cône tangent à l’ellipsoïde extérieur. Ce dernier, tout imagi- 
naire qu'il est, a ses trois axes réels (ainsi que ses deux droites focales) La première 
substitution ramène les axes de l’ellipsoïde à ceux du premier cône (c'est la substitution 
employée par Poisson, mais que j'avais antérieurement traitée et même étendue à un 
nombre quelconque de variables dans le mémoire De binis Functionibus homogeneis dc. 
[Crelle, t. x11. (1834) pp. 1—69]). Par la seconde substitution les angles que la droite 
Pg forme avec les axes du premier cône sont ramenés aux angles que la droite pQ 
forme avec les axes du second. Par la dernière substitution, on retourne de ces axes 
aux axes de l’ellipsoïde. La seconde substitution répond à un théorème de géométrie 
remarquable, savoir que ‘Les cosinus des angles que la droite Pq forme avec deux des 
axes du premier cône sont en raison constante avec les cosinus des angles que la droite 
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pQ forme avec deux des axes du second cône; ces deux axes sont les tangents situés 
respectivement dans les sections de plus grande et de moindre courbure de chaque 
ellipsoïde, le troisième axe étant la normale à l’ellipsoïde” Tout cela semble difficile 


à établir par la synthèse.” 


The object of this paper is to develope the above method of finding the attraction 
of an ellipsoid. 
Consider an exterior ellipsoid, the squared semiaxes of which are f+u, g+u, h+u; 


and an interior ellipsoid, the squared semiaxes of which are f+u, g+u, h+u. Let 
u, p, q be the elliptic coordinates of a point P on the exterior ellipsoid, the elliptic 


coordinates of the corresponding point P on the interior ellipsoid will be ŭ, p, q, and 
if a, b, c and a, b, c represent the ordinary coordinates of these points (the principal 
axes being the axes of coordinates), we have 


a- LANSHI +r) | s= (f+) (f+ 9S +r) 
Sy sap 8 | (f-g)(f-h) ’ 
p= GED OG +r) je +0) (9 +9) (9 +7) 
(g-h)(9-7) ”’ Bel! Res 7 
_@+u)(R+g)(h+7r) _ (+u) (h+q) (h+7r) 
A—g)Rh-f) ’ @-f)@-g) ` 
I form the systems of equations 
a2 = Ctf) U+9) (u +R) +f) (+9) +h) 
u-9)u-r) ’ (G—g)(@-r) 
(+S) (a+9) (q +h) ga _ @ tf) QGt+9) G+) 
__@-Q-u) LC dont à Er NS 
e T+) (+9) (r+h) CHE +g) +h) 
(r—u(r—g) ’ (r—u)(r— q) | 
wa fate, ab 2 me 
in CRE TU kek 
af = de ait ccs we Bd 
fra PO geg Et 
r _ OG A Oe wv OÙ 
met à mel à EE à 
D OU ae UE - ae 
eee ae mR T a 
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And then writing 


X = aX¥,+ WY,+ eZ, Ysak iai +02, 
Y = BX, + P'Y, + p"Z, Y = 8X, + 8Y, +8", 
Z =X + YY + YZ, . Z = yX, + YY, + 7%, 


if X, Y, Z are the cosines of the inclinations of a line PQ to the principal axes of 
the ellipsoids, X,, Y,, Z will be the cosines of the inclinations of this line to the 
principal axes’ of the cone having P for its vertex, and circumscribed about the interior 


ellipsoid. In like manner, X, A being the cosines of the inclinations of a line PQ 
to the principal axes of the ellipsoids, X,, Y,, Z will be the cosines of the inclinations 
of this line to the principal axes of the cone having P for its vertex and circumscribed 
about the exterior ellipsoid. Assuming that the points Q, Q are situated upon the 


exterior and interior ellipsoids respectively, suppose that X,, Y,, Z and x Y,, Z are 
connected by the equivalent systems of equations, 


u—q 
Z, =! =z 
u — 


then it will presently be shown that the points Q, Q are corresponding points, which 
will prove the geometrical theorem of Jacobi. Before proceeding further it will be 
convenient to notice the formulæ 

a? b? ce wu-u 


fti gt+u h+u G@”’ 
Xa Yb Ze (Es F Yb, + fe), 


ftu gtuth+u” @ 


(Er $ Yb g Ze yita Xx? y? VA ) 
f+u g+u h+u a? 


U—U u—-q UT 


fra gru h+u 


UE DES MRC ER 
a? \u-u u—q u-r ay 
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and the corresponding ones 


ee es = 


Xa, Yb £ Ze cs i ae Fib aa 
f+u gtu h+u a? \u-u u-q u-r/? 


er ee as nn) 
f+u g+u h+u f+u gtu h+u 
ack Y? + a 


U-%u u-q u-r 


ae 
The coordinates of the point Q are obviously a+pX, b+pY, c+pZ (where p= PQ); 
substituting these values in the equation of the interior ellipsoid, we obtain 


p ( a NOTE à +— +; 
f+u g+u thp, r g+u h+u 


Xa Yb Ze a? b? o? ; 
) r a Pe 54 oe en ao: 


reducing the coefficients ‘of this equation by the formulæ first given, and omitting a 


factor “= we obtain 


aXe Xa, Fb. Aa a , (Es Fr 260 ) Fra 
{ote (A+ SE BOY) rt 2p ek SR ar N 
that i APAA ri (2r Yb gaj- F 
udri (u — ER LA au ang arr PA 
1 
OT Per à 
Xm- X Ya, x Za 
Uu—u w=g usr 
which is easily transformed into. 
ie Uu—U 
ax 4 FtMbN-(f4+9bN Stu ah - (f+) ad, 
aX, — GA; + f+ 9 ftr 


and this form remaining unaltered when u and u are interchanged, it follows that if 


PQ=P, then p=p, which is a known theorem. The value of p or p may however be 
expressed in a yet simpler form; for, considering the expression 


X x a Lys AE a {od bY, A 
Vf+u) Vf+u) v+) Stu ftg tir N(f+u) |f +ü f+q ftr 


ii y ro vera 


M (f+u)bY,-(f+u) by, + +u) az —(f+ ) 1 
eee Joe 
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we see that 


as DT | = (+ a 
V(f+u) (f+) p ITFI IFTA) 


and similarly 


V(f+u) sgt P 


= Y # a 8 PRE ) 

V(g+u) w(g+u)/’ 
JR PEAU de dir Wp, 
Vh+u) v(h+u) AR se" trent 


which are in fact the equations which express that Q and Q are corresponding points. 


It is proper to remark that supposing, as we are at liberty to do, that P, P are 
situate in corresponding octants of the two ellipsoids, then if the curve of contact of 
the circumscribed cone having P for its vertex divide the surface of the interior 


ellipsoid into two parts M, N, of which the former lies contiguous to P: also if the 


curve of intersection of the tangent plane at P divide the surface of the exterior 
ellipsoid into two parts M, N, of which M lies contiguous to the point P; then the 


different points of M, M correspond to each other, as do also the different points of 
N, N. 
We may now pass to the integral calculus problem. The Attraction parallel to 
the axis of x is 
4% ada dy dz 
++) 


the limits of the integration being given by 


(e+ ay (ytd? Ct. 
ftu g+u h+u ’ 


or putting 
@=7X, y=rY, 2=r2, 


where X, Y, Z have the same signification, as before, we have 
dadydz = r°dr ds, 
and then A =/fXdrdsS = fpX d5, 


where p has the same signification as before: it will be convenient to leave the formula 
in this form, rather than to take at once the difference of the two values of p, but 
of course the integration is as in the ordinary methods to be performed so as to 
extend to the whole volume of the ellipsoid. The expression dS denotes the differen- 
65—2 
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tial of a spherical surface radius unity, and if 6, p are the parameters by which the 
position of p is determined, we have 


dS=| X, Y, @ bitis 
dX dY pọ AE 


dé’ dé’ db 
ax dY aZ 
dp’ dp’ dọ 
In the present case 
dS=dS,=| ZX), Yi; Z, | dY,dZ,, 
arcea; dF, 
OX POA E A 


dZ dZ, 


or from the values of X,, F, Z, in terms of X,, Yi, Z {observing that X, must be 
replaced by its value /(1— Y2—Z,)} we deduce 


d8 = J Gaal se dY,dZ,. 
(w—q)(u—r)) À 
But dS = d8, = + d¥,dZ,, 


xX, 
a= y EEDE] a 


which shows that the corresponding elements of the spheres whose centres are P, P, 


whence 


projected upon the tangent planes at P and P respectively, are in a constant ratio. 
It may be noticed also that if u, p are the masses of the ellipsoids, the ratio in 


question i 4 
MBER 


A= ERED) (eS 


io {ER jaegii rat 


The value which it will be convenient to use for p is that derived from the equation 


We have thus 


that is 


1 


Ne N A MES (Za Pb, Ze) un 
f+u g+u "Epy p ftu'gtu h+u Hi 
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with only the transformation of expressing the radical in terms of X,, viz. 
At” ane 20. 1 
ftultgeu heat a. 
MA: WP. 4 í 
Frk gru pen 


p= 


substituting these values and observing that Y, and Z, are rational functions of 
X, Y, and Z, but that X, is a radical, and that in order to extend the integration 
to the whole ellipsoid, the values corresponding to the opposite signs of X, will require 
to be added, the quantity to be integrated (omitting for the moment the exterior 
constant factor) is 


Aari abr we ng Faa 
af + ru tres) tg eh +e mh Kas 
ee i Z: ; 

fru gra kru 


the integration to be extended over the spherical area S. Consider the quantity within 
{ }, this is 


aes 


c a’ qu mad BV IE a” = YA OUT SIT 
fa) +54 (24) @X +BY +72) + VX +8 F+y2) 


The coefficients of Y and Z vanish, in fact that of Y is 


fava QS te 
DD OGT Lan a Le (=) 


= db ra ot ge oi + epg} =: 
(f+u)(g+u) (f+g(g+9 (f+r)(g+r) 


and similarly for the coefficient of Z. 


The coefficient of X is in like manner shown to be 


“le a b? 0; Gist aa (f-g)(f-h) pi el, 
Fru For? Ft a +SEE) da am 


or the quantity in question is simply 
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Multiplying this by X,,=aX+aV+ a’Z, the terms containing XY, XZ vanish after the 


es is peste 
integration, and we need only consider the term aa X*, or what is the same —~—?— F: 


aa, (f+u) 


Hence 
G-p@-")) am fp Xs 
od i =| er ea ae Ew be + Y2 + vA 
f+u gtu h+u 


The value of the corresponding function A (that is, the attraction of the exterior 
ellipsoid upon P) is 


the limits being the same, whence 


g- /SG-D G7) f+u ah _VUtg) V(u+h), 
È BGT hives rer) TTA am V(utg)V(uth)’ 


or we have 


VG+ p_VGFMVGt/)_ GG + VG +0 
CENT CE Tuhu) Vutfiutg) 


formule which constitute in fact Ivory’s theorem. 


Let K, K denote the attractions in the directions of the normals at P, P, we have 
kK =i | PT € j Xds, 


or LESE : 
pū 

and it is important to remark that this is true not only for the entire ellipsoids; 

but if HA, f} denote the attractions of the cones standing on the portions M, N of 

the surface of the interior ellipsoid, and m, J the attractions of the portions of the 


exterior ellipsoid bounded by the tangent plane at P, and the portions M, N of the 
surface of the exterior ellipsoid, then 


where obviously 
K=fP-fM\, K-ÿ+4"; 


this theorem is so far as I am aware new. 
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